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Summary
The lecture outlines the contents of the article which purports to formalize in the framework of hyperfunction theory the concept of the boundary value of a cohomology class (with coefficients in the sheaf of germs of . In order to avoid technicalities that would obscure the overall picture, the present lecture will deal only with hyperfunctions in Euclidean space R".
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We begin by recalling some known facts about boundary values of a holomorphic function / in a wedge with edge on IR 11 . Consider an open set f! C IR" and an open cone r C IR^O} (thus x e F, A > 0 => \x e F); it is convenient to assume that both 0 and r are connected. The reader may think of a wedge as a tuboid 0 + zF; or else, more precisely, as the cutoff of such a tuboid in the imaginary direction:
(Q,r) = { z 6 0 + %r; [ Jmz\ < 8( ^z) }, where 6{x) is a given continuous function in ^, 6 > 0; fl regarded as a subset of C" is called the edge of the wedge ^(Q,r).
Suppose / G ^(^(f!,r)) and select at random a vector 7 e F, such, say, that | 71 =1. Given any y? 6 C^^p(f2) we can form the integral 
1/^)1 < ^l^^l^v^eKn^n.r).
It is then easily seen that lim I.{t\f ,ip) exists: it suffices to note that f{x+ztj) = +0 {Q/Qt^'^x+zt^ with g e (9(^(f2,r)) and t -4 g{x+it^) continuous in the semiclosed interval [0,6{x) [. But {Q/St^g^x+zt^ = {zj'Q/Qx^g^x+it^, hence, as <-» +0,
Thus does the boundary value of/ define a distribution bv^f in 0.
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The constraint (1) creates unnecessary difficulties. If we were to limit our attention to distribution boundary values we would be forced to deal only with Dolbeault forms (see below) whose growth at the edge is tempered, in the sense of (1).
For instance we would be asked to find solutions of this type to the Cauchy-Riemann equations in wedges ^(f!,r), which is more technical than just finding solutions with unrestricted growth. It should be also said that some theorems, foremost the theorem of the Edge of the Wedge (see below), are more general when the condition (1) ). The space of entire functions ^ (C 11 ) is equipped with the topology of uniform convergence on compact sets; we shall denote by ^(C 11 ) the space of analytic functionals. One says that p. 6 ^(C 11 ) is carried by a compact set K C C" if, given any e > 0, there is C^ > 0 such that
where K^ = { z 6 C 11 ; dist(^,K) < e }. Below we write /A 6 ^(K) if an analytic functional p. in ( n is carried by a compact set K C C
11
. It is not true that, for any pair of compact subsets K^ and Kg of C 1 ",
It is possible to have K^nK^ = 0 and yet ^(K^n^K^) ^ {0}: for instance the Cauchy formula shows that the Dirac distribution in (C, h -»/i(0), is carried by the circle { z\ \z\ = r } whatever r > 0. However, and this is of the foremost importance for us, (3) is valid if K^ and K^ are subsets of real space R
. In this case we can talk of the support of p. (in R 11 ), which we define to be the intersection of all the compact subsets of R 11 which carry p.. This property of real space follows from the fact that every compact subset K of R 11 is polynomially convex, ie.,
The polynomial convexity of the compact subsets of R 11 has also the conse- 
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Here 9V is the boundary of U in 1R". If V C U is also open it follows from (4) that any /A e ^(TT) can be decomposed as fi = ^ + /^, with ^ e ^(V), /^ e ^(I^V).
If we also have /z = z/ 7 + v\ v' e ^'(V), ^ € ^(TJ^V), then /^/ -^/ = ^ -/A" is carried by V as well as by TT\V, and therefore, accroding to (3), ^ -v' € O^QV).
In 
Proof:
Let the open set U CC 0 be connected and have a smooth boundary 5U.
Suppose that bv^f E 0; this means that ^ e O^QV) and therefore, given any compact neighborhood K of 5V in ( n , provided (is sufficiently small, 
)).
Formula (8) is easily verified when u is a distribution, which obviously can be assumed to have compact support. For the Fourier inversion formula and (7) If we forget about Condition (7) Other names for WF (u) are the essential singular support of u, the essential spectrum of u^ the microsupport of u. The invariant interpretation of the space in which (a;,^) vary is of course phase space, ie, the cotangent bundle of 1R 11 (from which the zero section has been deleted).
We are now going to introduce an alternate definition of hyperfunctions. In what follows U will denote an open subset of C 11 and (^(^AP*^) the space of differential forms
We are using the multi-index notation: I = {ip...,i } with 1 < i^ <---< i < n, dz-
; p is the length of I, and likewise for J and d?,. We have 11 ip j
For each p = 0,1,...,n, we obtain the Dolbeault complex
We shall denote by H?'^) its q 111 cohomology space. Below we shall make constant use of the fact that if/e C^A"^) then ~Qf = df.
Consider now a compact set K c IR" and a form / 6 ^(C^K^"' 11 -1 ) such that 
is the Cauchy transform of /z. Notice that r maps O^K) into the space ^(C\K) of holomorphic functions in C\K that vanish at infinity. Whatever h e 0(C),
"E where S is any smooth, closed curve in C\K winding (once) around K. Laurent expansion gives a natural isomorphism 0^t\K) ^ ^(C\K)/(7(C). Now suppose n > 2. We introduce the Bochner-Martinelli current,
We have is bijective.
[When n = 1 the cohomology space at the left in (11) must be interpreted as the quotient space 0(C\TT)/<7(C) ^ <^(<C\TT).]
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In summary we have seen that we can define boundary maps from the cohomology spaces IP'^+zr) into 5(f2) when q = 0, in which case the cone F can be taken to be convex; and when q == n-1, in which case F = R^O}. When q = 0 we obtain a "small" subspace of 5(^2), whereas when q = n-1, we obtain all of 5(0). In both cases the boundary value map is injective.
We shall now tackle the cases 1 < q < n-2 (henceforth n > 3). The definition of the boundary value map is a natural extension of the ones in the cases q === 0, n-1.
As before let r c K^O} be an open and connected cone and let c be a Lipschitz q-cycle in F, ie., the image of a Lipschitz map j. S q -» F. We are going to integrate a C® differential form ^ of degree q in F over c: this means that we integrate over S q the pullback ^^. Let then U C 0 C IR 11 be as before and consider a closed Dolbeault form / e ^(^(n.r)^1 1^) . We can define the analytic functional
The analogue of Theorem 1 is valid here. As a matter of fact, the statement for q arbitrary can be deduced from that when q = 0 by takinĝ Below we keep the cycle c fixed; letting U /" 0 we define the boundary value map (12)
We cannot expect this map to be surjective, but we must demand that it be injective, for otherwise the information extracted from boundary values evaporates.
This forces us to shift the focus from the cone F to the cycle c and to microlocalize, in the sense that the open set U is allowed to contract about a central point 0 and the open cone F to contract about c (it is convenient to take c c S"' 1 ; at any rate microlocalization ignores the radial dilations in F).
We are unable to prove directly the injectivity of (12) even in good circumstances (e. g., when c is a q-sphere). But we recall that H^Z/) is but one of the "realizations" of the cohomology space H^,^^) with coefficients in the sheaf
O^^ of germs of n-forms hdz {dz = d^A-• -Ad^, h holomorphic). Another realization is the Cech space ^(U.O^^), and the switch from Dolbeault to Cech enables us
to prove what we want, but only under a special assumption about the cycle c:
(13) the cone F generated by c in IR^O} is equal to the boundary of its convex hull I.
By the boundary of f we mean its boundary in L\{0} where L is the smallest linear subspace of R" that contains f . Actually I, is generated by its intersection with a (q+l)-dimensional affine subspace A of IR
11
; there is no loss of generality in assuming that c is equal to that intersection. In this case c is a Lipschitz hypersurface in A and (13) amounts to saying that c is the boundary in A of a relatively open, bounded and convex subset of A.
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We shall skectch the proof of the injectivity of the map (12) 
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The correct way of stating Theorem 4, especially its version for curved wedges, Before proceeding we discuss an example which shows that Hypothesis (13) Considerations similar to those above apply to more general differential operators with C^ coefficients.
The article Cordaro-Gindildn-Treves [1] proves the results above, and more, when the edges of the wedges lie on a totally real C 00 submanifold of 1R
11
. The difficulty in extending the results is that we cannot exploit the convexity of the tuboids U+zF when U and F are convex subsets of Euclidean space. The difficulty is resolved by a local approximate convexification (see Appendix, loc. cit) . This procedure leaves no other choice than to microlocalize.
XXII-19
